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A concise description is presented of the basic features of the formalism of non-canonical space-
time volume-forms and its application in modified gravity theories and cosmology. The well known
unimodular gravity theory appears as a very special case. Concerning the hot issues facing cosmol-
ogy now, we specifically briefly outline the construction of: (a) unified description of dark energy
and dark matter as manifestations of a single material entity – a special scalar field “darkon”; (b)
quintessential models of universe evolution with a gravity-“inflaton”-assisted dynamical Higgs mech-
anism – dynamical suppression/generation of spontaneous electroweak gauge symmetry breaking in
the “early”/“late” universe; (c) unification of dark energy and dark matter with diffusive interaction
among them; (d) mechanism for suppression of 5-th force without fine-tuning.
1. Non-Riemannian Volume-Form Formalism
A broad class of actively developed modified/extended
gravitational theories is based on employing alterna-
tive non-Riemannian spacetime volume-forms (metric-
independent generally covariant volume elements) in the
pertinent Lagrangian actions instead of, or alongside
with, the canonical Riemannian volume element given
by the square-root of the determinant of the Riemannian
metric. This method was originally proposed in [1, 2]
and for a concise geometric formulation using differen-
tial forms combined with canonical Hamiltonian formal-
ism for systems with constraints (gauge symmetries), see
[3, 4] (an earlier geometric formulation with a “quartet”
of scalar fields appeared in [5]).
Volume-forms are fairly basic objects in differential
geometry – they exist on arbitrary differentiable man-
ifolds and define covariant (under general coordinate
reparametrizations) integration measures. It is impor-
tant to stress that the existence of volume-forms is com-
pletely independent of the presence or absence of addi-
tional geometric structures on the manifold – e.g., no
Riemannian structure (purely metric or metric-affine) is
a priori needed. Volume forms are defined [6] by nonsin-
gular maximal rank differential forms ω:∫
M
ω
(
. . .
)
=
∫
M
dxD Ω
(
. . .
)
,
ω =
1
D!
ωµ1...µDdx
µ1 ∧ . . . ∧ dxµD , (1)
ωµ1...µD = −εµ1...µDΩ ,
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(our conventions for the alternating symbols εµ1,...,µD
and εµ1,...,µD are: ε
01...D−1 = 1 and ε01...D−1 = −1).
The volume element density Ω transforms as scalar den-
sity under general coordinate reparametrizations.
In standard generally-covariant theories (with action
S =
∫
dDx
√−gL) the Riemannian spacetime volume-
form is defined through the “D-bein” (frame-bundle)
canonical one-forms eA = eAµ dx
µ (A = 0, . . . , D − 1):
ω = e0 ∧ . . . ∧ eD−1 = det ‖eAµ ‖ dxµ1 ∧ . . . ∧ dxµD
−→ Ω = det ‖eAµ ‖ dDx =
√
−det ‖gµν‖ dDx . (2)
Instead of, or alongside with,
√−g we can employ one
or several different alternative non-Riemannian volume
elements as in (1) given by non-singular exact D-forms
ω(j) = dB(j) where:
B(j) =
1
(D − 1)!B
(j)
µ1...µD−1dx
µ1 ∧ . . . ∧ dxµ−1
−→ Ω(j) ≡ Φ(B(j)) = 1
(D − 1)!ε
µ1...µD ∂µ1B
(j)
µ2...µD .(3)
In other words, the non-Riemannian volume elements are
defined in terms of the dual field-strengths of auxiliary
rank D − 1 tensor gauge fields B(j)µ1...µD−1 .
Let us again strongly emphasize that the term “non-
Riemannian” concerns only the nature of the non-
canonical volume elements, which exist on the space-
time manifold with a standard Riemannian geometric
structure, i.e., involving the metric gµν and torsionless
affine connection Γλµν either independent of gµν (first-
order metric-affine / Einstein-Palatini formalism) or as
a Levi-Civita connection w.r.t. gµν (second-order purely
metric / Einstein-Hilbert formalism).
The generic form of modified gravity actions involving
(one or more) non-Riemannian volume-elements, called
for short NRVF (Non-Riemannian Volume-Form) ac-
tions, read (henceforth D = 4, and we will use units
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2with 16piGNewton = 1):
S =
∫
d4xΦ(B(1))
(
R+ L(1))
+
∫
d4x
∑
j≥2
Φ(B(j))L(j) +
∫
d4x
√−gL(0) , (4)
where R is the scalar curvature. The equations of mo-
tion of (4) w.r.t. the auxiliary tensor gauge fields B
(j)
µνκ
according to (3) imply:
∂µ
(
R+ L(1)) = 0 , ∂µL(j) = 0 (j ≥ 2) ,
−→ R+ L(1) = M1 , L(j) = Mj , (5)
where all Mj (j ≥ 1) are free integration constants not
present in the original NRVF gravity action (4).
A characteristic feature of the NRVF gravitational the-
ories (4) is that when starting in the first-order (Palatini)
formalism all non-Riemannian volume-elements Φ(B(j))
yield almost pure-gauge degrees of freedom, i.e. they do
not introduce any additional physical (field-propagating)
gravitational degrees of freedom except for few discrete
degrees of freedom with conserved canonical momenta
appearing as the arbitrary integration constants Mj in
(5). The reason is that the NRVF gravity action (4) in
Palatini formalism is linear w.r.t. the velocities of some of
the components of the auxiliary gauge fields B
(j)
µνκ defin-
ing the non-Riemannian volume-element densities, and
does not depend on the velocities of the rest of auxil-
iary gauge field components. The (almost) pure-gauge
nature of the latter is explicitly shown in [4, 7] (appen-
dices A) employing the standard canonical Hamiltonian
treatment of systems with gauge symmetries, i.e., sys-
tems with first-class Hamiltonian constraints a’la Dirac
[8, 9].
However, in the second-order formalism (where Γλµν is
the usual Levi-Civita connection w.r.t. gµν) the first non-
Riemannian volume form Φ(B(1)) in (4) is not any more
pure-gauge. The reason is that the scalar curvature R
(in the metric formalism) containes second-order (time)
derivatives (the latter amount to a total derivative in the
ordinary case S =
∫
d4x
√−gR+ . . .). Now defining χ1 ≡
Φ(B(1))/
√−g, the latter field becomes physical degree of
freedom as seen from the equations of motion of (4) w.r.t.
gµν :
Rµν +
1
χ1
(
gµνχ1 −∇µ∇νχ1
)
+ . . . = 0 . (6)
As a final introductory remark let us note that the
well-known covariant formulation of unimodular gravity
[10] can be viewed as a simple particular case within the
general class (4) of modified gravity actions based on the
non-Riemannian volume-form formalism.
Indeed, the original action of unimodular gravity [10]
reads:
S =
∫
d4x
√−g (R+ 2Λ + Lm)−
∫
d4xΦ 2Λ (7)
with Λ being a dyamical field, and Φ ≡ ∂µFµ where the
vector density Fµ can be written as Hodge-dual Fµ ≡
1
3!ε
µνκλBνκλ w.r.t. rank 3 auxiliary gauge field Bνκλ (cf.
(3) for D = 4). Variation w.r.t. Fµ implies Λ = const,
whereas variation w.r.t. Λ yields Φ =
√−g, i.e., χ1 ≡
Φ√−g = 1. As we will see in what follows, for general
NRVF gravity models (4) the field ratio χ1 is either a
non-trivial algebraic function of the matter fields in L(j)
within the first-order (Palatini) formalism (cf. Eq.(22)
below), or it becomes a new dynamical scalar field within
the second-order (metric) formalism (cf. Eq.(6)).
2. Simple Model of Unified Dark Energy and
Dark matter A simple NRVF gravity model providing
a unified description of dark energy and dark matter de-
fined by an action, particular representative of the class
(4), was proposed in [11, 12]:
S =
∫
d4x
[√−g(R+X − V1(φ))+ Φ(B)(X − V2(φ))] ,
(8)
or equivalently:
S =
∫
d4x
√−g(R− U(φ))+ (√−g + Φ(B))(X − V (φ))
(9)
using the notations: V ≡ V2, U ≡ V1 − V2, X ≡
− 12gµν∂µφ∂νφ, and Φ(B) ≡ 1/3!εµνκλ∂µBνκλ (cf. (3)).
Variation of the action (9) w.r.t. auxiliary gauge field
Bνκλ yields (cf. the general Eqs.(5)):
X − V (φ) = −2M0, (10)
where M0 is free integration constant. The variation of
(9) w.r.t. scalar field φ can be written in the following
suggestive form:
∇µJµ = −
√
2XU ′(φ) , (11)
Jµ ≡ −
(
1 + χ
)√
2X∂µφ , χ ≡ Φ(B)√−g . (12)
The dynamics of φ is entirely determined by the dynami-
cal constraint (10), completely independent of the poten-
tial U(φ). On the other hand, the φ-equation of motion
written in the form (11) is in fact an equation determin-
ing the dynamics of χ. The energy-momentum tensor Tµν
in the Einstein equations can be written in a relativistic
hydrodynamical form as:
Tµν = ρ0uµuν + gµν p˜ , Jµ = ρ0uµ (13)
where uµ is a fluid velocity unit vector:
uµ ≡ − ∂µφ√
2X
(note uµuµ = −1 ) , (14)
and the energy density ρ˜ and pressure p˜ are given as:
ρ˜ = ρ0 + 2M0 + U(φ), p˜ = −2M0 − U(φ) (15)
3with ρ0 ≡ (1 + χ)2X = ρ˜ + p˜. Energy-momentum con-
servation ∇νTµν = 0 implies:
∇µ(ρ0uµ) = −√2X U ′(φ), uν∇νuµ = 0 , (16)
the last Eq.(16) meaning that the matter fluid flows along
geodesics. In Eqs.(13), (15) the quantity ρDE ≡ 2M0 +
U(φ) = −p˜ has the interpretation as dark energy density,
whereas ρ0 is the dark matter energy density. For U(φ) =
const or U(φ) = 0 the model (9) possesses a non-trivial
hidden nonlinear Noether symmetry under:
δφ = 
√
X, δgµν = 0 ,
δBµ = − 1
2
√
X
φ,µ
(
Φ(B) +
√−g) , (17)
where Bµ ≡ 13!εµνκλBνκλ, with a Noether conserved cur-
rent Jµ = ρ0uµ according to (12): ∇µJµ = 0. Specif-
ically, for Friedmann-Lemaitre-Robertson-Walker metric
with Friedmann scale factor a(t) Eq.(12) with U(φ) = 0
implies: ρ0 = c0/a
3, c0 being a free integration constant.
Thus, according to (13), (15) the model provides an
exact description of ΛCDM model, and for a non-trivial
potential U(φ), breaking the hidden Noether symmetry
(17), we have interacting dark energy and dark matter.
The above interpretation justifies the alias “darkon”
for the scalar field φ. Let us specifically emphasize
that both dark energy and dark matter components of
the energy density (15) have been dynamically generated
thanks to the non-Riemannian volume element construc-
tion – both due to the appearance of the free integra-
tion constant M0 and of the hidden nonlinear Noether
symmetry (17) (“darkon” symmetry). In Ref.[13] the
correspondence between ΛCDM model and the “darkon”
Noether symmetry was exhibited up to linear order w.r.t.
gravity-matter perturbations and the implications of the
“darkon” symmetry breaking for possible explanation of
the cosmic tensions was briefly discussed.
3. Quintessential Inflationary Model with Dy-
namical Higgs Effect in Metric-Affine Formula-
tion
The starting point is the following specific NRVF grav-
ity action from the class (4) involving coupling to a
scalar “inflaton” ϕ and to the bosonic sector of the stan-
dard electroweak particle model where, following the re-
markable Bekenstein’s idea from 1986 [14] about gravity-
assisted dynamical spontaneous symmetry breakdown,
the Higgs-like SU(2) × U(1) iso-doublet scalar σa en-
ters with a standard positive mass-squared and without
self-interaction in sharp distinction w.r.t. standard par-
ticle model. The pertinent NRVF action reads explicitly
[7, 15, 16]:
S =
∫
d4xΦ1(A)
[
R(g,Γ)− 2Λ0 Φ1(A)√−g + L
(1)(ϕ, σ)
]
+
∫
d4xΦ2(B)
[
f2e
2αϕ + LEW−gauge − Φ0(C)√−g
]
,(18)
with notations:
• Φ1(A) = 13!εµνκλ ∂µAνκλ and similarly for Φ2(B),
Φ0(C) according to (3);
• The scalar curvature R(g,Γ) = gµνRµν(Γ) is given
in terms of the Ricci tensorRµν(Γ) in the first-order
(Palatini) formalism;
• The matter Lagrangian reads:
L(1)(ϕ, σ) = Xϕ + f1e
αϕ +Xσ −m20σ∗aσaeαϕ , (19)
Xϕ ≡ −1
2
gµν∂µϕ∂νϕ , Xσ ≡ −gµν∇µσ∗a∇νσa ;
• LEW−gauge denotes the Lagrangian of the SU(2)×
U(1) gauge fields.
• Λ0 is small dimensionful constant which will be
identified in the sequel with the “late” universe cos-
mological constant in the dark energy dominated
accelerated expansion’s epoch.
The equations of motion w.r.t. auxiliary tensor gauge
fiels in Φ1(A), Φ2(B) and Φ1(C) yield (cf. (5)):
gµν
(
Rµν(Γ)− 1
2
∂µϕ∂νϕ−∇µσ∗a∇νσa
)
−4Λ0 Φ1(A)√−g +
(
f1 −m20 σ∗aσa
)
eαϕ = M1,(20)
f2e
−2αφ + LEW−gauge − Φ0(C)√−g = −M2,
Φ2(B)√−g = χ2(21)
where M1,2, χ2 are integration constants. The g
µν-
equations of motion together with (20)-(21) imply that
the ratio χ1 ≡ Φ(A)√−g is an algebraic function of the matter
fields:
χ1(ϕ, σ) ≡ Φ1(A)√−g =
2χ2
(
f2e
2αϕ +M2
)
M1 +
(
m20 σ
∗
aσa − f1
)
eαϕ
. (22)
The equation of motion w.r.t. Γλµν , following analogous
derivation in [1], yields a solution for Γµνλ as a Levi-Civita
connection w.r.t. to a Weyl-conformally rescaled metric:
g¯µν = χ1(ϕ, σ) gµν (23)
with χ1(ϕ, σ) as in (22). The conformal transformation
gµν → g¯µν via (23) on the NRVF action (18) converts the
latter into the physical Einstein-frame action (objects in
the Einstein-frame are indicated by a bar):
SEF =
∫
d4x
√−g¯
[
R(g¯)− 1
2
g¯µν∂µφ∂νφ
−g¯µν∇µσ∗a∇νσa − Ueff(ϕ, σ) + LEW−gauge(g¯)
]
. (24)
Here the interesting object is the effective Einstein-frame
scalar potential:
Ueff(ϕ, σ) =
[
M1 + e
αϕ
(
m20 σ
∗
aσa − f1
)]2
4χ2
(
f2e2αϕ +M2
) + 2Λ0 , (25)
4which is entirely dynamically generated due to the ap-
pearance of the free integration constants M1,2 and χ2
(20)-(21). Ueff(ϕ, σ) exhibits a number of remarkable fea-
tures:
• Ueff(ϕ, σ) possesses two (infinitely) large flat re-
gions as a function of ϕ at σa = fixed.
• The first one – the (-) flat “inflaton” region for large
negative values of ϕ (and σa – finite) corresponds to
the “slow-roll” inflationary evolution of the “early”
universe driven by ϕ where:
Ueff
(
φ, σ
) ' U(−) = M21
4χ2M2
+ 2Λ0 , (26)
i.e., (25) reduces to (an almost) constant value in-
dependent of the finite value of σa, which is en-
ergy scale of the inflationary epoch. Thus, in the
“early” universe there is no spontaneous breaking of
electroweak SU(2)×U(1) symmetry. Moreover, σa
does not participate in the “slow-roll” inflationary
evolution, so σ stays constant there equal to the
“false”vacuum value σ = 0 [16].
• The second flat region is the (+) flat “inflaton” re-
gion for large positive values of ϕ (and σa – finite)
which corresponds to the evolution of the post-
inflationary (“late”) universe. Here:
Ueff
(
ϕ, σ
) ' U(+)(σ) =
(
m20 σ
∗
aσa − f1
)2
4χ2f2
+ 2Λ0 (27)
becomes a dynamically induced SU(2)×U(1) spon-
taneous symmetry breaking Higgs-like potential
with a Higgs “vacuum” at |σvac| = 1m0
√
f1.
• Relations (26)-(27) allow the following natural
identification of the scales of the parameters: Λ0 ∼
10−122M4Pl (current epoch observable cosmological
constant); f1 ∼ f2 ∼M4EW and m0 ∼MEW (MEW
being the electroweak mass scale); M1 ∼ M2 ∼
10−8M4Pl corresponding to the “early” universe’s
energy scale of inflation being of order 10−2MPl.
Concerning confrontation with the observational data,
the viability of the present model (in a slightly simplified
form without the Higgs scalar, which as already men-
tioned does not influence the slow-roll inflationary dy-
namics) has been analyzed and confirmed numerically
in Ref.[17]. The results for the tensor-to-scalar ratio
r ' 10−3 and for the scalar spectral index ns ' 0.96
which are in a good agreement with the latest PLANCK
data [21]. Further detailed numerical studies on the
NRVF models have been presented in Refs. [22–24].
Let us also note that Ref.[17] (for an earlier version,
see [18]) exhibits an explicit realization of the cosmologi-
cal “seesaw” mechnaism through the NRVF formulation,
as well as it yields an additional “emergent universe”
cosmological solution without a “Big-Bang” initial sin-
gularity. For a brief illustration of the latter effects let
us consider the “inflaton-only” NRVF action studied in
[17] (for simplicity we skip the R2 term):
S =
∫
d4xΦ1(A)
[
R+Xϕ − f1e−αϕ
]
∫
d4xΦ2(B)
[
−b e−αϕXϕ + f2e−2αϕ − Φ0(C)√−g
]
, (28)
where b is an additional dimensionless parameter.
The “inflaton” potential in the Einstein frame (ana-
log of (25)) is Ueff(ϕ) =
1
4χ2
(
f1e
−αϕ + M1
)2(
f2e
−2αϕ +
M2
)−1
, so that on the (-) and (+) “inflaton” flat regions
Ueff(ϕ) reduces to: U(−) ' f
2
1
4χ2 f2
and U(+) ' M
2
1
4χ2M2
, ac-
cordingly. Therefore, choosing f1 ∼ f2 ∼ 10−8M4Pl con-
forming to the inflationary scale, and taking M1 ∼M4EW
and M2 ∼ M4Pl we achieve U(+) ∼ 10−122M4Pl vastly
smaller than U(−). If we take α → −α in (28) the roles
of f1,2 and M1,2 are interchanged.
Similar “seesaw” effect is found in Refs.[19, 20] where
the scalar potential is extracted from the slow-roll pa-
rameters. 1.
Furthermore, the NRVF model (28) yields in EInstein-
frame “emergent universe” solution for the range of the
b-parameter: −4(2−√3) < b f1f2 < −1.
4. Dynamical Generation of Inflation in Metric
Formulation
Let us now consider a substantionally truncated ver-
sion of the model (18) without any matter fields, i.e. a
pure gravity model involving few non-Riemannian vol-
ume elements [25]:
S =
∫
d4x
{
Φ1(A)
[
R(g)−2Λ0 Φ1(A)√−g
]
+Φ2(B)
Φ0(C)√−g
}
,
(29)
where now unlike (18) R(g) ≡ gµνRµν
(
Γ(g)
)
is the scalar
curvature in the second order (metric) formalism (Γλµν(g)
being the Levi-Civita connection w.r.t. gµν).
The equations of motion w.r.t. auxiliary tensor gauge
fields Aµνλ, Φ2(B) and Φ1(C) are special cases of the
dynamical constraint Eqs.(20)-(21) with all matter field
terms being zero, which again introduce the three free
integration constants M1,2, χ2.
Passage to the physical Einstein frame is again realized
via the conformal transformation (23), however this time
we have to use the well-known formulas for conformal
transformations within the metric formalism (e.g. [26];
1 The paper [20] was awarded second prize in the 2020 Essay Com-
petition of the Gravity Research Foundation.
5bars indicate magnitudes in the g¯µν-frame):
Rµν(g) = Rµν(g¯)− 3 g¯µν
χ1
g¯κλ∂κχ
1/2
1 ∂λχ
1/2
1 (30)
+χ
−1/2
1
(∇¯µ∇¯νχ1/21 + g¯µν¯χ1/21 ) , (31)
with χ1 ≡ Φ1(A)√−g . Redefining χ1 as χ1 = exp
(
u/
√
3
)
allows to write the Einstein-frame NRVF action in the
form:
SEF =
∫
d4x
√−g¯
[
R(g¯)− 1
2
g¯µν∂µu∂νu− Ueff(u)
]
,(32)
Ueff(u) = 2Λ0 −M1 exp
(− u√
3
)
+ χ2M2 exp
(−2 u√
3
)
.(33)
Thus, from the original pure-gravity NRVF action (29)
we derived a physical Einstein-frame action (32)-(33)
containing a dynamically created scalar field u with a
non-trivial effective scalar potential Ueff(u) (33) entirely
dynamically generated by the initial non-Riemannian vol-
ume elements in (29) because of the appearance of the
free integration constants M1,2, χ2 in their respective
equations of motion. There are two main features of the
effective potential (33) which are relevant for cosmolog-
ical applications with the dynamically created field u as
an “inflaton”.
• Ueff(u) (33) possesses one flat region for large pos-
itive values of u where Ueff(u) ' 2Λ0, which cor-
responds to “early” universe’ inflationary evolution
with energy scale 2Λ0.
• Ueff(u) (33) has a stable minimum for a small finite
value u = u∗ where e−u∗/
√
3 = M1/(2χ2M2).
• The region around the stable minimum at u = u∗
correspond to “late” universe’ evolution where the
minimum value of the potential:
Ueff(u∗) = 2Λ0 − M
2
1
4χ2M2
≡ 2ΛDE (34)
is the dark energy density value.
Remark. The effective potential Ueff (33) generalizes
the well-known Starobinsky inflationary potential [27]
((25) reduces to Starobinsky potential upon taking the
following special values for the parameters: Λ0 =
1
4M1 =
1
2χ2M2).
In Ref.[25] a thorough analysis has been performed of
the slow-roll inflationary dynamics driven by the dynam-
ically created “inflaton” u with its dynamically generated
effective potential (33), including explicit calculation of
the standard slow-roll parameters  and η, as well we have
obtained explicit expressions for the tensor-to-scalar ratio
r and the scalar spectral index ns of density perturba-
tions as functions of the number of e-folds N = log a (a
being the Friedmann scale factor):
r ' 12[
N +
√
3
4 ui(N ) + c0
]2 , ns ' 1− r4 −
√
r
3
, (35)
with c0 ≡
√
3
2 − 34 log
(
2
(
1 + 2/
√
3
))
. ui(N ) is the value
of the “unflaton” at the start of inflation as function of
N .
For a plausible assumption about the scales of M1,2, χ2
and taking N = 60 e-folds till end of inflation the ob-
servables are predicted to be: ns ≈ 0.969 , r ≈ 0.0026,
which conform to the PLANCK constraints [21] (0.95 <
ns < 0.97 , r < 0.064).
5. Dynamical Spacetime Formulation
Let us now observe that the non-Riemannian volume
element Ω = Φ(B) (3) on a Riemannian manifold can be
rewritten using Hodge duality (here D = 4) in terms of
a vector field χµ = 13!
1√−g ε
µνκλBνκλ so that Ω becomes
Ω(χ) = ∂µ
(√−gχµ), i.e. it is a non-canonical volume
element different from
√−g, but involving the metric. It
can be represented alternatively through a Lagrangian
multiplier action term yielding covariant conservation of
a specific energy-momentum tensor of the form T µν =
gµνL:
S(χ) =
∫
d4x
√−g χµ;νT µν =
∫
d4x∂µ
(√−gχµ)(−L) ,
(36)
where χµ;ν = ∂νχµ−Γλµνχλ. The vector field χµ is called
“dynamical space time vector”, because of the energy
density of T 00 is a canonically conjugated momentum
w.r.t. χ0, which is what we expected from a dynamical
time.
In what follows we will briefly consider a new class of
gravity-matter theories based on the ordinary Rieman-
nian volume element
√−g but involving action terms of
the form (36) where now T µν is of more general form
than T µν = gµνL. This new formalism is called “dy-
namical spacetime formalism” [28, 29] due to the above
remark on χ0.
Ref.[30] describes a unification between dark energy
and dark matter by introducing a quintessential scalar
field in addition to the dynamical time action. The total
Lagrangian reads:
L = 1
2
R+ χµ;νT µν − 1
2
gαβφ,αφ,β − V (φ), (37)
with energy-momentum tensor T µν = − 12φ,µφ,ν . From
the variation of the Lagrangian term χµ;νT µν with re-
spect to the vector field χµ, the covariant conservation
of the energy-momentum tensor ∇µT µν = 0 is imple-
mented. The latter within the FLRW framework forces
the kinetic term of the scalar field to behave as a dark
matter component:
∇µT µν = 0 ⇒ φ˙2 = 2Ωm0
a3
. (38)
where Ωm0 is an integration constant. The variation with
respect to the scalar field φ yields a current:
− V ′(φ) = ∇µjµ, jµ = 1
2
φ,ν(χ
µ;ν + χν;µ) + φ,µ (39)
6For constant potential V (φ) = ΩΛ = const the current is
covariantly conserved. In the FLRW setting, where the
dynamical time ansatz introduces only a time component
χµ = (χ0, 0, 0, 0), the variation (39) gives:
χ˙0 − 1 = ξ a−3/2, (40)
where ξ is an integration constant. Accordingly, the
FLRW energy density and pressure read:
ρ =
(
χ˙0 − 1
2
)
φ˙2 + V, p =
1
2
φ˙2(χ˙0 − 1)− V. (41)
Plugging the relations (38,40) into the density and the
pressure terms (41) yields the following simple form of
the latter:
ρ = ΩΛ +
ξΩm0
a9/2
+
Ωm0
a3
, p = −ΩΛ + ξΩm0
2 a9/2
. (42)
In (42) there are 3 components for the ”dark fluid”: dark
energy with ωΛ = −1, dark matter with ωm = 0 and an
additional equation of state ωξ = 1/2. For non-vanishing
and negative ξ the additional part introduces a minimal
scale parameter, which avoids singularities. If the dy-
namical time is equivalent to the cosmic time χ0 = t,
we obtain ξ = 0 from Eq.(40), whereupon the density
and the pressure terms (42) coincide with those from the
ΛCDM model precisely. The additional part (for ξ 6= 0)
fits to the late time accelerated expansion data [31], with
Ω0m = 0.305
+0.031
−0.025, ξ = 0.183
+0.143
−0.125 and with the Hubble
parameter H0 = 62.57
+4.28
−4.55Mpc/(km/sec). [32] shows
that with higher dimensions, the solution derived from
the Lagrangian (37) describes inflation, where the total
volume oscillates and the original scale parameter expo-
nentially grows.
The dynamical spacetime Lagrangian can be general-
ized to yield a diffusive energy-momentum tensor. Ref.
[33] shows that the diffusion equation has the form:
∇µT µν = 3σjν , jµ;µ = 0, (43)
where σ is the diffusion coefficient and jµ is a current
source. The covariant conservation of the current source
indicates the conservation of the number of the particles.
By introducing the vector field χµ in a different part of
the Lagrangian:
L(χ,A) = χµ;νT µν + σ
2
(χµ + ∂µA)
2, (44)
the energy-momentum tensor T µν gets a diffusive source.
From a variation with respect to the dynamical space
time vector field χµ we obtain:
∇νT µν = σ(χµ + ∂µA) = fµ, (45)
a current source fµ = σ(χµ + ∂µA) for the energy-
momentum tensor. From the variation with respect to
the new scalar A, a covariant conservation of the cur-
rent emerges fµ;µ = 0. The latter relations correspond
to the diffusion equation (43). Refs.[34–37] study the
cosmological solution using the energy-momentum ten-
sor T µν = − 12gµνφ,λφλ. The total Lagrangian reads:
L = 1
2
R− 1
2
gαβφ,αφ,β − V (φ)
+χµ;νT µν + σ
2
(χµ + ∂µA)
2.
(46)
The FLRW solution unifies the dark energy and the
dark matter originating from one scalar field with possi-
ble diffusion interaction. Ref.[42] investigates more gen-
eral energy-momentum tensor combinations and shows
that asymptotically all of the combinations yield ΛCDM
model as a stable fixed point. Ref.[43] shows that the
DST theories and Diffusive extensions can describe a La-
grangian formulation for Running Vacuum Models.
6. Scale Invariance, Fifth Force and Fermionic
Matter
The originally proposed theory with two volume el-
ements (integration measure densities) [1, 2], where at
least one of them was a non-canonical one and short-
termed “two-measure theory” (TMT), has a number of
remarkable properties if fermions are included in a self-
consistent way [2]. In this case, the constraint that arises
in the TMT models in the Palatini formalism can be
represented as an equation for χ ≡ Φ/√−g, in which the
left side has an order of the vacuum energy density, and
the right side (in the case of non-relativistic fermions) is
proportional to the fermion density. Moreover, it turns
out that even cold fermions have a (non-canonical) pres-
sure Pnoncanf and the corresponding contribution to the
energy-momentum tensor has the structure of a cosmo-
logical constant term which is proportional to the fermion
density. The remarkable fact is that the right hand side
of the constraint coincide with Pnoncanf . This allows us to
construct a cosmological model[38] of the late universe in
which dark energy is generated by a gas of non-relativistic
neutrinos without the need to introduce into the model
a specially designed scalar field.
In models with a scalar field, the requirement of scale
invariance of the initial action[1] plays a very constructive
role. It allows to construct a model[39] where without
fine tuning we have realized: absence of initial singularity
of the curvature; k-essence; inflation with graceful exit to
zero cosmological constant.
Of particular interest are scale invariant models in
which both fermions and a dilaton scalar field φ are
present. Then it turns out that the Yukawa coupling
of fermions to φ is proportional to Pnoncanf . As a re-
sult, it follows from the constraint, that in all cases when
fermions are in states which constitute a regular barionic
matter, the Yukawa coupling of fermions to dilaton has
an order of ratio of the vacuum energy density to the
fermion energy density[40]. Thus, the theory provides a
solution of the 5-th force problem without any fine tuning
or a special design of the model. Besides, in the described
states, the regular Enstein’s equations are reproduced. In
7the opposite case, when fermions are very deluted, e.g. in
the model of the late Universe filled with a cold neutrino
gas, the neutrino dark energy appears in such a way that
the dilaton φ dynamics is closely correlated with that of
the neutrino gas [40].
A scale invariant model containing a dilaton φ and dust
(as a model of matter)[41] possesses similar features. The
dilaton to matter coupling ”constant” f appears to be
dependent of the matter density. In normal conditions,
i.e. when the matter energy density is many orders of
magnitude larger than the dilaton contribution to the
dark energy density, f becomes less than the ratio of the
”mass of the vacuum” in the volume occupied by the
matter to the Planck mass. The model yields this kind
of ”Archimedes law” without any especial (intended for
this) choice of the underlying action and without fine tun-
ing of the parameters. The model not only explains why
all attempts to discover a scalar force correction to New-
tonian gravity were unsuccessful so far but also predicts
that in the near future there is no chance to detect such
corrections in the astronomical measurements as well as
in the specially designed fifth force experiments on inter-
mediate, short (like millimeter) and even ultrashort (a
few nanometer) ranges. This prediction is alternative to
predictions of other known models.
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